We propose SL(2, Z) (and SL(3, Z)) invariant conjectures for all R 4 H 4g−4 couplings of Type IIB strings on R 10 (and R 8 × T 2 ), generalizing conjectures of Green and Gutperle (and Kiritsis and Pioline) for the R 4 coupling. A strong check for our conjectures is that on T 2 at weak coupling, they reproduce the multiloop scattering amplitudes which had been previously computed using N = 2 strings in the N = 4 topological formalism. Applications to (p, q) string production in a background H field, generalizing Schwinger's computation for pair production in constant F field, are suggested.
Introduction
Non-trivial string duality conjectures often lead to perturbative predictions for certain amplitudes. Such amplitudes are usually very special and receive corrections only at specific genera. A well known case of this is the R 4 coupling in Type IIB theory which has been argued to only receive perturbative corrections at tree-level and one-loop [1] [2] 1 .
Green and Gutperle conjectured that the R 4 term appears in the effective action multiplied by the manifestly SL(2,Z)-invariant Eisenstein function E 3/2 (τ ) [4] , and their conjecture is supported by various types of evidence [5] [6] [7] , in particular by the match with the genus 0 and genus 1 amplitudes which are explicitly known. The success of the R 4 conjecture naturally leads one to look for generalizations [8] [9] , but in the absence of explicit multiloop calculations, it is difficult to choose between different proposals. Also, it is not apriori clear what kinds of amplitudes one should concentrate on.
More than three year ago, we showed that R 4 H 4g−4 (or R 4 F 4g−4 ) terms can be computed at genus g for the Type IIB (or Type IIA) superstring compactified to six dimensions on any hyper-Kahler manifold [10] . Like the better known four-dimensional R 2 F 2g−2 terms [11] , these six-dimensional terms can be expressed in terms of (N = 4) topological string computations, which are in turn equivalent to the partition function of the N = 2 string on the corresponding four manifold. The topological reformulation of the amplitudes allows one to find methods to compute them explicitly, as was done in [12] when the four manifold is T 2 × R 2 , i.e. when considering Type II strings compactified on T
. The amplitudes thus obtained involved Eisenstein functions of various degrees
(as a function of complex/kahler structure of T 2 ). Unlike the four-dimensional R 2 F 2g−2 terms, the R 4 H 4g−4 (or R 4 F 4g−4 ) terms survive in the large volume limit to give non-zero contributions for the uncompactified superstring. Furthermore, the R 4 term at genus one has precisely the same index structure as the R 4 term multiplying E 3/2 (τ ) in the conjecture of [4] .
As will be discussed in this paper, the structure of the R 4 H 4g−4 terms leads us to conjecture that they are multiplied by the manifestly SL(2,Z)-invariant Eisenstein function (τ ) in the uncompactified Type IIB low-energy effective action. More precisely, we 1 It should be noted that there is a possible contradiction in the literature [3] concerning the two-loop R 4 contribution. 2 (H RR −τ H NS−NS ) and N g is an overall normalization constant.
Furthermore, we conjecture that for compactification on T 2 , the eight-dimensional R 4 H 4g−4 terms are multiplied by a manifestly SL(3,Z)-invariant version of the Eisenstein function which generalizes the R 4 conjecture of Kiritsis and Pioline [7] . The conjectured form of the amplitude in this case essentially follows from extending SL(2, Z)-invariant
Eisenstein functions obtained by summing over a 2d lattice to SL(3, Z)-invariant functions obtained by summing over 3d lattice points, and is very natural (and perhaps unique). Our conjecture in this case implies that R 4 H 4g−4 terms only get perturbative contributions at genus 0 and genus g, just as in R 10 . Moreover, the genus g contribution is itself
an Eisenstein function of the Kahler structure of T 2 and precisely coincides with the corresponding string computation of [12] for compactification on T 2 for all g. This we consider strong evidence for our conjecture.
The organization of this paper is as follows: In section 2, we review the results in [10] for "pair creation" of (p, q) strings (motivated by the implications of R 2 F 2g−2 terms for Schwinger's pair creation). In the concluding section, we discuss possible implications of our conjecture for the ∇ n R 4 conjectures of Russo [9] and for the F 2g+2 conjectures coming from M(atrix) theory [13] .
Review of Topological Amplitudes
In reference [10] , we proved that certain six-dimensional superstring scattering amplitudes can be expressed as topological computations on the hyper-Kahler compactification manifold. Although our proof used the modified Green-Schwarz formalism where spacetime-supersymmetry is manifest and twisting is natural, it should be straightforward to reproduce our proof using the Ramond-Neveu-Schwarz formalism. Like their fourdimensional counterparts, the six-dimensional topological amplitudes involve the scattering of gravitons and Ramond-Ramond fields, and to understand their structure, it will be useful to first review the four-dimensional case. ) picture. By U(1) conservation of the Type IIB (or Type IIA) superstring, the only contributing part of the picture-changing operators is The final result is that the low-energy effective action contains a local g-loop contribution given by the N=2 D=4 superspace expression
Review of four
where 
Topological amplitudes in six dimensions
As shown in [10] , there is a six-dimensional analog of the four-dimensional amplitudes which involves the genus g scattering of four gravitons and 4g − 4 Ramond-Ramond fields.
In 6 dimensions, the Lorentz group is most conveniently described using the spin group which is SU (4). We will denote SU The result is that the g-loop six-dimensional low-energy effective action contains a term proportional to the N=2 D=6 superspace expression
where
partition function at genus g and instanton number (2g − 2, 2g − 2), which is the same as the N = 2 string partition function at genus g and instanton number (2g − 2, 2g − 2) on the corresponding hyper-Kahler manifold. Note that by U(1) conservation in the N = 2 current algebra, this amplitude vanishes when the genus is less than g.
Although the above computation breaks the internal SU(2) invariance to a U(1) subgroup, the full SU (2) is easily restored by introducing the "harmonic" variables u j and [14] . Actually, since we are considering bispinors, we need to The spacetime dependence of the computation is still trivial, and the compactification
computes the g-loop partition function of (left,right) instanton number (n L , n R ) for the self-dual N = 2 string propagating on the hyper-Kahler four manifold.
Knowing the scattering amplitude for any value of u L j and u R j allows one to construct the SU(2)-invariant amplitude by integrating over u L j and u R j as in [14] . So the complete SU(2)-invariant scattering amplitude is given by the superspace expression
Expanding (2.4) in components for the Type IIB (or Type IIA) superstring gives
terms (or R 4 F 4g−4 terms), as well as various other terms related by supersymmetry.
Terms in the Eight-Dimensional Effective Action
Although
is unknown when the compactification manifold is K3, it is known [12] up to an overall constant for all g when the manifold is R 2 × T 2 , i.e. when the superstring is compactified to eight dimensions on T 2 . So by 'Lorentz-covariantizing' the six-dimensional indices of (2.4) to eight-dimensional indices, one can find explicit expressions for g-loop terms in the eight-dimensional low-energy effective action of the Type II superstring.
To 'Lorentz-covariantize', one first rewrites (2.4) in six-dimensional vector notation by replacingŴ ab with nŴ µ 1 ...µ n Γ µ 1 ...µ n ab and using
to get traces of Γ matrices. It is easy to check that the expression only involves contractions of vector indices and contains no six-dimensional ǫ-tensors. One now simply replaces all six-component vector indices with eight-component vector indices.
The only subtlety is that the u Kahler modulus σ = σ 1 + iσ 2 , the T 2 complex modulus ρ = ρ 1 + iρ 2 , the eight-dimensional dilaton λ 8 , and two Ramond-Ramond scalars. In terms of these fields,
where the terms in ... will be ignored. Note that
, and F ±(−−) µν are NS-NS fields which do not appear inM ab .
In eight-dimensional Einstein gauge, i.e.
the topological computation of [12] found
2 e φ is the eight-dimensional coupling constant, σ 2 is the volume of T 2 , and (up to an overall constant)
where ′ means to sum over all integers m and n except when m = n = 0. The e 2 3 (g−1)φ dependence of f g can be understood by rescaling
which rescales the eight-dimensional Einstein gauge action to string gauge and rescales
The topological computation of (3.3) was called the 'A-model' in [12] . For compacti- 
where (1,σ),c
The relevant Ramond-Ramond field strengths are defined to be invariant under SL(2, Z) × SL(2, Z) transformations, however they transform under SO(2) × SO(2) transformations for the Type IIB (or Type IIA) superstring as
The eight-dimensional Einstein gauge action obtained by 'covariantizing' (2.4) is invariant under these transformations since it can be written as
whereM ab is defined as in (3.1) and the index contractions on R 4M 4g−4 are determined using the method discussed earlier. Invariance is manifest if
Performing the integrations over the u L and u R variables, one obtains for the Type IIB superstring
Note that in terms of the D=10 three-form and five-form field strengths, comparison of the D=8 and D=10 kinetic terms implies that
For the Type IIA superstring, the only difference from (3.11) is that
where, in terms of the D=10 Ramond-Ramond two-form and four-form field strengths,
Eight-dimensional conjecture
For the Type IIB (or Type IIA) superstring compactified on T 2 , it has been conjectured that the SL(2, Z) × SL(2, Z) symmetry of the previous subsection is extended non-perturbatively to an SL(3, Z) × SL(2, Z) symmetry where the SL(3, Z) extends the Kahler (or complex) moduli of T 2 . In this subsection, we conjecture an SL(3, Z)×SL(2, Z)-invariant non-perturbative extension of (3.10) for the case of R 4 H 4n−4 terms in the Type IIB superstring effective action. When n = 1, our conjecture coincides with that of [4] and [7] , and when n > 1, it generalizes their Type IIB conjecture in a natural way.
Under SL(3, Z) × SL(2, Z) transformations, the seven scalars of the Type IIB superstring on T 2 split into a quintuplet which can be thought of as SL(3, R)/SU (2) variables is defined to satisfy [7] :
2 , τ 1 and B R are the two Ramond-Ramond scalars (τ 1 is already a scalar in 10 dimensions and B R is the constant expectation value of the RR B-field on 
2)
The triplet of three-form field strengths are defined to be invariant under SL(3, Z) × SL(2, Z) transformations, however they transform under SU (2) × SO(2) transformations as
µνρ . For the Type IIB superstring, the Ramond-Ramond H µνρ fields appear inM ab as in (3.1). To make SU(2) invariance manifest, it is useful to define a new harmonic field 
where N g is an overall constant and ′ means to sum over all integers m 1 , m 2 and m
Ten-dimensional conjecture
To obtain our conjecture for ten-dimensional R 4 H 4g−4 terms, one takes the large
fixed. In this large volume limit, the terms in (4.4) involving m 3 = 0 vanish, giving
where I = 1 to 2 and
µνρ ], which can be expressed in terms of the D = 10 NS-NS and R-R three-forms as H
NS−NS µνρ
) and
). Rescaling to tendimensional Einstein gauge (where the classical action after compactification on T 2 is
For the term with p = 0 in (4.8), the coefficient multiplying R 4 H 4 is proportional to the Eisenstein function
Furthermore, the coefficients for p > 0 are proportional to τ
(τ ) while the coefficients for p < 0 are proportional to τ
where γ
. After rescaling to D=10 string gauge, 11) so (4.8) only gets perturbative contributions at tree-level and at genus g.
Evidence for Type IIB conjecture
The most important evidence for our conjecture comes from explicit agreement of the eight-dimensional conjecture with the genus g computation in ( 
where we used that C 
where c q are constants which can be easily computed. This is easily seen to be a tree-level contribution since the λ ′ , it is convenient to perform a Poisson resummation on m 1 . Following [7] , this can be done by writing
where Y, Z = 2 or 3.
Splitting (4.14) into the n = 0 and n = 0 parts, it is straightforward to show that when n = 0, the contribution to S is of order O(e −τ 2 ) and is therefore non-perturbative.
The contribution to S when n = 0 is proportional to
, it is easy to check that (4.15) agrees with (3.10) if one ignores the NS-NS three-form H (+−) µνρ and keeps the R-R three-forms. So the conjecture precisely reproduces the g-loop computation of (3.10) and the only other perturbative contribution to R 4 H 4g−4 terms is at tree-level.
There are at least two arguments why a perturbative non-renormalization theorem for µνρ fields. The second argument for a non-renormalization theorem comes from the structure of the duality group and the perturbative decoupling of Ramond-Ramond zero modes. Since the duality group is SL(3, Z) × SL(2, Z), it is reasonable to assume that any dualityinvariant amplitude is proportional to the factorized product f (T )g(U ) where T are the SL(2, R)/SO(2) moduli and U are the SL(3, R)/SU (2) moduli. 4 Since the g-loop Type IIB Note that N=2 D=8 supersymmetry only implies decoupling of T and U moduli for terms involving eight derivatives (such as R 4 terms) but does not imply decoupling for terms with twelve derivatives or more. This is because eight-derivative superspace actions [2] must be of the form
where D ± andD ± are N=2 D=8 supersymmetric derivatives, W is a chiral superfield whose lowest component is the T modulus, and L jklm is a linear superfield whose lowest components are the U moduli. But twelve-derivative superspace actions can be of the form
So using the notation of the previous subsection, the Type IIA R 4 F 4g−4 term is multiplied by f (T )g(U ) where f (T ) is the SL(2, Z)-invariant function given by the g-loop topological computation and
is some SL(3, Z)-invariant function. In order that the R 4 F 4g−4 term does not blow up in the ten-dimensional limit, h(λ 8 , ρ, τ 1 , B R ) must go to zero as λ 8 → 0. This implies that the eight-dimensional R 4 F 4g−4 term gets no corrections below genus g, as expected from U(1) conservation in the superstring computation.
By taking the σ 2 → ∞ limit where
2 e φ , one finds that h does not contribute so the complete ten-dimensional R 4 F 4g−4 term is given by
ab F µν and we are ignoring the Ramond-Ramond two-form coming from dimensional reduction of the D=10 four-form. Replacing all contracted eightcomponent vector indices with contracted ten-component vector indices and rescaling to ten-dimensional string gauge, one obtains the effective action
3)
up to an overall normalization factor.
If the M-theory conjecture is correct, this term should come from dimensional reduction of an eleven-dimensional term compactified on a circle of radius r = e 2φ/3 where the gauge field A µ is identified with g µ 10 /g 10 10 . As one scales r, 
which sums up to a non-local eleven-dimensional term in the limit r → ∞. 5 Note that the term proportional to s k would come from a genus g + k Type IIA term.
String "pair creation": A Stringy extension of Schwinger's Computation
As we have discussed in section 2, there are some parallels between the superpotential [18] for a recent discussion)
to check Strominger's conjecture about the resolution of the conifold singularity by a light wrapped D3 brane [19] . In particular, if one considers giving a vev to F = λ and computes the R 2 term in the four-dimensional effective action, one gets
Moreover in the case of the conifold, the function f (λ) was related in [17] to the function computed by Schwinger for corrections to the effective action for a charged scalar in the presence of constant E, B fields. This has the interpretation of a one loop computation, as in [17] , where the light charged wrapped D3 brane goes around the loop. The existence of R 2 (instead of 1) reflects the fact that this case has two more D=4 supersymmetries than the problem considered by Schwinger. Certain non-perturbative aspects of this in connection with pair creation have been discussed in [18] . In particular, it was argued that the above expansion of f as a power series in λ should be viewed as an asymptotic expansion and that there would be corrections of the form exp(− 1 λ ). In fact, such corrections are exactly captured by Schwinger's computation (with a Euclidean circle instanton giving these kind of corrections).
It is natural to ask if there is a parallel situation for the context we are considering in this paper. The obvious guess is to give vev to H = h fields and consider contributions to the action of the form
and f g R 4 H 4g−4 are the corrections we have considered in this paper. In this case, we expect strings to be created (at least virtually) and to give corrections to R 4 . We can turn on different types of H's, and for a generic choice of vevs for H NS−NS and H R−R , we should expect production of all (p, q) strings.
One can ask if f (h) (and its non-perturbative extensions) can be computed in a similar manner as was done in the case of Schwinger's problem. If we could compute f (h) in a different way from perturbative superstring computations, as was done in the case of R 2 F 2g−2 terms near a conifold, we would be able to fix the overall normalization for each f g , which we have not fixed in this paper. It would also combine our conjectures for all the different g's into a single conjecture. There is, however, one statement we can make. The process of nucleating strings from constant H NS−NS background has been considered in [20] . In particular, a Euclidean spherical instanton was constructed with action proportional to 1/h 2 , on the basis of which it was concluded that the rate of production of strings should go as exp(−A/h 2 ).
Even though perturbative corrections to the action were not considered in [20] , their result combined with our conjectures implies there should be a function f (h + , h − , τ ) whose asymptotic expansion for small h + , h − gives the conjecture we have stated in the introduction, and that there should be corrections of the form exp(−A/h 2 ) completing this function away from h ∼ 0.
It would be interesting to develop other ways to compute the overall coefficients of the R 4 H 4g−4 terms so as to sum up this series for different H's. This should teach us something non-trivial about the creation of (p, q) strings in background H fields.
Concluding Remarks
In this paper, we have conjectured the non-perturbative structure of R 4 H 4g−4 terms in the Type IIB low-energy effective action. The most important evidence for our conjecture is agreement with explicit g-loop superstring computations.
In string theory, the NS-NS b µν two-form usually appears with the graviton in the terms.
